This paper addresses the issue of longitudinal stiffness within the cochlea. A one-dimensional model of the cochlear partition is presented in which the resonant sections are coupled by longitudinal elastic elements. These elements functionally represent the aggregate mechanical effect of the connective tissue that spans the length of the organ of Corti. With the plate-like morphology of the cochlear partition in mind, the contribution of longitudinal elasticity to partition dynamics is appreciable, though weak and nonlinear. If the elasticity is considered Hookian then the nonlinearity takes a cubic form. Numerical solutions are presented that demonstrate the compressive nature of the partial differential nonlinear equations and their ability to produce realistic cubic distortion product otoacoustic emissions. Within the framework of this model, some speculations can be made regarding the dynamical function of the phalangeal processes, the sharpness of active cochlear mechanics, and the propogation of pathology along the partition.
I. INTRODUCTION
The model cochlea is represented by a long tapered fluid-filled canal, split into two chambers by a viscoelastic membrane known as the cochlear partition ͑CP͒. The CP is a complex sandwich of tissues that is responsible for the mechano-neural transduction of sound. In most theoretical models, each resonant section of the CP is considered unconnected to its nearest neighbors. From a histological perspective, this is not true as the CP is a contiguous epithelial tissue that contains a variety of cellular interconnections. The motivation to describe various active, otoacoustic, perceptual, and pathological auditory phenomena has spurred the modification of the cochlear traveling wave model to include active dynamics ͑Neely and Kim, 1983͒, nonlinear dynamics ͑Hall, 1974͒, additional resonant modes ͑Allen, 1980͒, and structural coupling ͑Geisler and Sang, 1995͒ . In this paper, we develop another modification: the inclusion of elastic tissue that longitudinally couples one resonant region on the CP to another.
Longitudinal stiffness is often found among the discarded features of most cochlear models. The perception is that within the CP the transverse stiffness of the basilar membrane dominates other membrane dynamics ͑Mammano and Nobili, 1993͒. This assumption is based on a study performed by Völdrich ͑1978͒ to verify the stiffness experiments carried out by von Békésy ͑1960͒. von Békésy deflected portions of the basilar membrane in cadaver cohleae using a blunt probe and found that the indentations were elliptical near the stapes and circular near the helicotrema. These indentations would have been narrow and radially oriented if the longitudinal stiffness was negligible in comparison to the transverse stiffness of the basilar membrane. However, in the cadaver cochlea the longitudinal stiffness was found to be appreciable. These studies also demonstrated that the basilar membrane is not under static tension like the surface of a balloon. Though von Békésy's work was seminal to our understanding cochlear transduction, the technology did not exist to extend his findings to include living cochleae.
Two decades later, Völdrich ͑1978͒ performed a follow-up study using live guinea pig cochleae. He found that the local deflections were radially oriented, narrow, and confined to the vicinity of the probe. In contrast to von Békésy, he found that the deflections did not increase along the partition; the indentations remained narrow and local. These findings suggested that the primary source of stiffness in living cochleae is transverse, presumably with its origins in the collagenous fibers of the basilar membrane. This study provides the experimental justification for neglecting longitudinal stiffness in models of functional living cochlea. Not only is such an assumption theoretically appealing, it also carries practical value in that the underlying mechanics of the CP are greatly simplified.
Another two decades later Naidu and Mountain ͑2001͒ also studied longitudinal stiffness in mongolian gerbil cochleae. Their observations challenge the view established earlier by Völdrich that the longitudinal stiffness within the CP is negligible. Their recent experiments quantified local mechanical deflections of the CP using videomicroscopy. The results obtained are consistent with the earlier findings of von Békésy, not those of Völdrich. For instance, the basilar membrane exhibits longitudinal coupling that clearly increases in strength from base to apex. In addition, they also observed that the inclusion of the organ of Corti increases the overall longitudinal stiffness of the CP. These observations challenge the prevalent view that the longitudinal stiffness within the living CP is negligible, though still maintaining its relative weakness compared to the transverse stiffness of the basilar membrane.
In this paper we assume that the longitudinal stiffness is a͒ Electronic mail: jaffer@ecf.utoronto.ca considered weak and can be described elastically. The addition of longitudinal mechanics give rise to nonlinearities in systems with transverse dynamics ͑Marion and Thornton, 1995͒. To a first-order approximation, these nonlinearities take a cubic form. Thus, one consequence of adding longitudinal stiffness into the cochlear model may be the production of measurable distortion product otoacoustic emissions ͑DPOAEs͒. Otoacoustic emissions ͑OAEs͒ are known to have both active and passive components ͑Yates, 1995͒. For instance, DPOAEs have been found to persist under hypoxic, pharmacological, and necrotic trauma ͑Lonsbury- Martin et al., 1987; Weir, 1988; Kemp and Brown, 1984; and Schmeidt and Adams, 1981͒ . The common feature in each of these traumatized cases was the uncompromised contiguity of the sensory epithelium. We suggest that the stiffness mechanics related to this contiguity can help explain the nonphysiologically vulnerable DPOAEs. Furthermore, weak coupling nonlinearities are capable of producing other observable low level effects such as entrainment, instability, and frequency dispersion ͑Marion and Thornton, 1995͒. These phenomena have been noted in other OAE recordings, but are thought to originate in the activity of the outer hair cells ͑Wilson and Sutton, 1981; and van Dijk et al., 1994͒. There have already been suggestions that weak linear coupling among the resonators of the cochlea may be the source of spontaneous OAEs ͑Fritz et al., 1996͒. Longitudinal coupling in the cochlea is not a novel concept and has been used to explain a variety of auditory phenomena under a variety of physiological postulates ͑von Békésy, 1960; Zwislocki and Kletsky, 1980; Jau and Geisler, 1983; Geisler and Sang, 1995; Wickesberg and Geisler, 1986; and Naidu and Mountain, 2001 , among others͒. Thus, consideration of the nonlinear coupling induced through longitudinal stiffness within the cochlear model may provide a description of other unexplained low level auditory phenomena.
The purpose of this paper is to present a onedimensional model of the CP in which elastic tissue connects the resonant viscoelastic plates of the cochlea. The connective tissue will be modeled by springs, oriented in the longitudinal direction, perpendicular to the transverse motion of the CP, and attached to both ͑left and right͒ neighbors. We infer, based on the finding that the organ of Corti introduces further longitudinal stiffness, that the primary source of longitudinal tissue connectivity is the reticular lamina. Framed in this model, an order of magnitude analysis suggests that the reticular lamina can have an appreciable effect on partition dynamics. Furthermore, under the assumption that the cochlear connective tissue behaves in a lossless Hookian fashion, a preliminary numerical solution will demonstrate the weakly compressive nature of this nonlinearity and the cubic distortion product otoacoustic emissions that can result.
II. THE CLASSICAL TRAVELING WAVE MODEL OF THE COCHLEA

A. Hydrodynamics of the traveling wave
The cochlea is a coiled structure carved out from the temporal bone of the skull. For modeling purposes, the cochlea is considered uncoiled with rigid walls tapering from base to apex. The cochlear canal is split into three fluid-filled chambers, the scala vestibuli ͑upper͒, the scala tympani ͑lower͒, and the scala media ͑middle͒. The cochlear partition ͑CP͒ is an aggregate description of the structures found in the scala media, which separates the tympanic and vestibular canals. Thus the cochlear model consists of upper and lower fluid-filled chambers separated by the CP ͓as seen in Fig.  1͑a͔͒ . The CP at rest, sits upon the longitudinal x axis, with transverse motion parallel to the z axis. Consequently, the CP transverse displacement ͑essentially that of the basilar membrane͒ is herein denoted as z (x,t) , where t represents time.
The fluids within the cochlea are assumed to be compositionally similar, acting in a linear, lossless, and incompressible fashion ͑Viergever, 1980͒. In the one-dimensional model, the cochlear fluid flows parallel to the CP, where the motion of the CP in the longitudinal direction ͑along the x axis͒ is assumed to be negligible. Following the treatment FIG. 1. The traveling wave model of the cochlea including longitudinal elasticity. ͑a͒ An idealization of an uncoiled cochlea separated into two fluid-filled chambers by the plate-like cochlea partition. ͑b͒ The cochlear partition is considered to be a series of viscoelastic plates where the stiffness longitudinally is considered small in comparison to the transverse stiffness, k(x). The classic model of the cochlear partition is similar to the one shown with the exception that the springs interconnecting the plates are taken away. The diagram shows the proposed model presented in this paper.
given by Dallos ͑1973͒, the cochlear hydrodynamics are described by
where P(x,t) is the fluid pressure difference between the scala tympani and scala vestibuli, is the fluid density, b(x) is the width of the CP, and S(x) is the cross-sectional area of the chambers.
B. Cochlear partition dynamics
There are many sophisticated models of the CP found in the literature today. As shown in Fig. 1͑b͒ , one of the simplest models involves the description of the CP as a series of viscoelastic plates, each of which behaves as a driven damped oscillator. Each point on the CP is driven by the pressure difference P(x,t). The equation that describes the motion of the CP is given by
where the linear operator L CP ͓z(x,t)͔ is defined as
such that m(x) represents the mass, r(x) represents the viscous damping, and k(x) represents the stiffness of the cochlear partition, all measured per unit area. There is one term missing from Eq. ͑3͒ and that is the linear shear viscosity between the resonators. Fundamentally, there is no reason to ignore shear viscosity as it may dominate any other shearing forces within the cochlear partition, such as those produced through longitudinal elasticity ͑Mam-mano and Nobili, 1993͒. However, in this paper we restrict ourselves to the simple model described in Eq. ͑3͒. We argue that even for shear viscosity dynamics in the range of the inertial and viscoelastic mechanics, the nonlinearity we derive should still be capable of producing cubic distortions. For example, assume that our nonlinearity is weak compared to the shear viscosity. In a linear world, when one dynamic term is significantly greater than another, the smaller of the two can safely be ignored. In a nonlinear world this is not necessarily the case. Weak nonlinearities can be manifested in the modulation and intermodulation harmonics observed, at frequencies other than the ones at which the system is responding linearly.
As a consequence of its linearity, the cochlear shear viscosity is incapable of frustrating the production of distortion harmonics from weaker nonlinearities. The shear viscosity can only dominate the nonlinear dynamics occurring at the primary stimulus frequencies, not at the distortion frequencies. Thus, we feel that there is no need to add another linear term in our model in this initial exploratory treatment. Inclusion only complicates the numerical model. This simple linear basis outlined in Eq. ͑3͒ will make the following treatment and computation transparent at the cost of ignoring the importance of shear viscosity in linear mechanics. Future investigations should be able to extend our derivation to more complicated cochlear models with ease, especially those containing shear viscosity. The exploration of the interplay between the different shearing mechanisms may provide for a fruitful avenue of future research.
III. PARTITION DYNAMICS INCLUDING LONGITUDINAL ELASTICITY
A. Additional simplifications and assumptions
The model being considered is the one shown in Fig.  2͑b͒ and can be modified to include frictional effects. To begin with, assume that the tissue connecting the plates of the CP can be modeled with springs. Springs have the useful property that the tensile forces they impart are proportional to their extension and parallel to their orientation. The derivation can be simplified further with the assumption that the plates forming the CP can be initially treated as point masses, FIG. 2. Schematic of the longitudinal elastic coupling model in motion. ͑a͒ The tension between plates is caused by the addition of spring-like components between the plates. The transverse component of the elastic tension is considered in the classic model of viscoelastic motion at any point of the cochlear partition. ͑b͒ To simplify the derivation, the plates of the cochlear partition are treated as point-like masses such that the direction of the tensile forces produced by the longitudinal springs follow the slope of the propagating wave. Note the assumption of purely vertical motion insists that the horizontal spacing between the elements remain constant in time.
as shown in Fig. 2͑a͒ . The benefit of this approach is clarity; the free body analysis is simpler since the plate-like structure and rotational motion are not considered. Later, this constraint shall be relaxed to include the proper geometry of the arrayed plates.
B. Model of elastic mechanics
The elastic mechanics can be described by adding tensile forces at the ends of the cochlear plate, herein denoted as T (x,t) , and directed along the slope of the partition. Following the treatment of transverse waves on a string ͑Wallace, 1984͒, a longitudinal force balance combined with the assumption of purely vertical motion yields
In a similar manner, a transverse force balance yields
͑5͒
Combining Eqs. ͑4͒ and ͑5͒, the simple CP dynamics described in Eq. ͑3͒ can be augmented to include a nonlinear term D͓z(x,t)͔ such that
where the nonlinear distortion is given by
The tension, T(x,t), can be modeled in any appropriate manner. In the simplest case where the tension is considered constant, the partial differential equations combining Eqs. ͑1͒ and ͑6͒ involve a nonlinearity related to the gradient of the displacement, ‫ץ‬z/‫ץ‬x. Thus, elastically coupling the sections of the CP results in a nonlinearity, even if the coupling mechanism is itself linear. The nonlinearity is a consequence of the orientation of the components, not their material or mechanical properties.
C. The lossless Hookian model of tissue connectivity
We consider the interconnective tissue that spans the length of the CP to behave in a Hookian fashion. This is valid under the assumption that the change in length of the interconnecting springs is small compared to their rest lengths ͑as will be demonstrated later͒. Hookian springs have the attractive feature that they only generate tensile forces when extended. They do not exhibit static tension, which agrees with observation ͑von Békésy, 1948͒. Furthermore, for small extensions Hookian springs produce weak tensile forces. This is also consistent with observations of fresh basilar membrane preparations ͑Völdrich, 1978; Naidu and Mountain, 2001͒. With these two thoughts in mind, it seems reasonable, as a first approximation, to consider lossless Hookian elasticity to describe the longitudinal connective tissue.
Let A CP (x), Y CP (x), and CP (x), respectively, be the cross-sectional area, Young's modulus, and the effective thickness of the interconnecting CP tissue. If ␦l PM (x,t) represents the change in the length of the tissue between the point masses, and the rest length of the tissue is taken to be equal to ⌬x, then Hooke's law states that the tensile forces obey
͑8͒
Using the Pythagorean theorem to determine the change in length with respect to the rest length, the tensile force produced in a Hookian tissue obey, in the continuous case,
͑9͒
Thus, in the case of Hookian tissue elasticity without considering plate geometry, the distortion ͑7͒ reduces to
͑10͒
D. Adjusting the dynamics to account for plate lengths
We now relax the assumption that the CP behaves as an array of point masses connected by springs ͓Fig. 2͑a͒ versus Fig. 2͑b͔͒ . If the plate-like morphology is taken into account, then the rest lengths of the springs will decrease. Consequently, the strain the springs experience will increase, such that the gradient and Laplacian of the displacement, z(x,t), will be heightened by a factor G ⌬ defined as
where l 0 (x) is the actual effective rest length of the tissue connecting the resonant plates defined for the region between the ends of neighboring plates. Substituting Eq. ͑11͒ into Eq. ͑10͒ results in the Hookian distortion,
͑12͒
E. Adjusting dynamics for motion of the reticular lamina
One last consideration needs to be made. It has been shown that the reticular lamina and basilar membrane attain different amplitudes when vibrating to a tonal stimulus. Mammano and Ashmore ͑1993͒ have shown that the reticular lamina displacement is larger than that of the basilar membrane by a factor of approximately 5. Their data suggest an even larger difference for some frequencies of stimulation. The motion of the reticular lamina is important in the framework of our model since we postulate that it is a source of significant longitudinal stiffness. If the forces generated at the reticular lamina by the longitudinal stiffness are assumed to be effectively conveyed to the basilar membrane through the outer hair cell and Deiter cell complex, then we would expect the effect of the distortion at the level of the basilar membrane to magnify. The gradient and Laplacian at the level of the reticular lamina will be heightened by a factor G r defined as
where the basilar membrane displacement is essentially the displacement of the CP, z (x,t) . This gain has an equivalent effect to G ⌬ . Rather than the reduction of the rest lengths, the height differential is increased. The effect is to increase the effect of the gradient and Laplacian by another factor G r . If we define the combined gain G as
then distortion nonlinearity takes the form
͑15͒
F. The weak cubic nonlinearity
To simplify expression ͑12͒ a Taylor approximation can be employed to yield
ϩ¯.
͑16͒
If we assume ͉G (‫ץ‬z/‫ץ‬x) ͉Ӷ1 ͑which will be demonstrated later͒ then the Hookian distortion ͑12͒ takes the nonlinear cubic form
where
For ease of reference, define ⑀(x) as the coefficient of tissue connectivity. Therefore, at least in form, the addition of longitudinal elasticity appears to produce a cubic nonlinearity with proportionality factor ⑀(x). In principal, our hypothesis concerning the production of distortion product otoacoustic emissions appears strengthened. However, though the dynamics reduce to a cubic nonlinearity, they may be negligible in comparison to the inertial, viscous, and stiffness properties of the CP as introduced in Eq. ͑3͒. If negligible, then the above-mentioned derivation constitutes only a mild curiosity.
IV. RECONSIDERING THE NEGLIGIBILITY OF LONGITUDINAL ELASTICITY
A. Longitudinal coupling in the cochlear partition
The longitudinal elasticity is considered weak in comparison to the inertial and viscoelastic properties of the CP ͑Mammano and Nobili, 1993͒. There are three primary sources of longitudinal elasticity: the basilar membrane, the tectorial membrane, and the reticular lamina. Both the basilar membrane and tectorial membrane are composed of an amorphous acellular ground substance, which is considerably less stiff than the fibers of the basilar membrane ͑Steele et al., 2000͒.
B. The reticular lamina
In contrast, the reticular lamina is formed by the ''tight'' hexagonal tiling of the tops of the outer hair cells and the phalangeal processes of the Dieter's cells ͑Mammano and Nobili, 1993͒. Functionally, the tight cellular junctions serve to separate the endolymphatic and perilymphatic fluids ͑Santi, 1988͒. Due to this peculiar morphology, the reticular lamina is considered to be radially stiff, but somewhat compliant to longitudinal stretching. As has been shown in Eq. ͑17͒, if the tissue is weakly Hookian and is governed by transverse dynamics, then the longitudinal elasticity is proportional to a spatial nonlinearity which involves the product of the traveling wave gradient and Laplacian. The gradient is generally smaller than 10 Ϫ2 and the dynamics appear to be negligible ͑Mammano and Nobili, 1993͒. However, such a conclusion would be premature without any estimate of the proportionality constant ͑18͒, ⑀(x), or the Laplacian of the displacement, (‫ץ‬z/‫ץ‬x) (x,t).
It has also been argued that the structure of the RL is more suited to bending and buckling under strain. This argument depends strongly on the subcellular structures providing the coupling between the phalangeal processes and the outer hair cells. Actin-based or other stiff collagenous materials, if found, would suggest that the reticular lamina would not be prone to buckling. The stiffer the interconnection the less likely the buckling is to occur. However, these physiological studies have not been carried out and the question as to the structure and mechanics between the plates of the RL is still uncertain. Under these conditions, and until conclusive measurements are carried out, we feel justified in exploring the conjecture that the interconnections behave in some elastic manner.
C. Composition and morphology of reticular lamina
Both the composition and morphology of the reticular lamina suggest that the effects of longitudinal elasticity may be greater than previously thought. Compositionally, the reticular lamina is formed by the junction of cells. Cellular junctions are known to be considerably stiffer than acellular Furthermore, the elastic modulus of microtubules, found throughout the pillar cells, phalangeal processes, and Deiter's cells have elastic moduli in the range of 1-3 GPa, suggesting that the organ of Corti as a whole may offer appreciable longitudinal stiffness. If the tight connections between the plates of the reticular lamina are like that of Reissner's membrane, then the longitudinal elastic modulus is several orders of magnitude greater than that of the basilar membrane or tectorial membrane. This estimate is still several orders of magnitude smaller than the 3 GPa elastic modulus of the collagenous fibers of the basilar membrane and so the model we pursue maintains the dominance of the transverse stiffness over the longitudinal stiffness ͑Steele et al., 2000͒.
Additionally, the plate-like morphology of the reticular lamina suggests that the strain experienced by the connective tissue is larger than the continuous membrane models. Consequently, the estimates of the Laplacian and gradient of the displacement will increase by a factor of G ⌬ 3 , effectively inflating the estimate of the coefficient of tissue connectivity. Even under the thin tissue assumption, the inclusion of these observations challenge the underlying assumption that the organ of Corti functions as a free viscoelastic strip because the proportionality constant is effectively larger than previously thought.
We continue our line of thought by reconsidering the negligibility of longitudinal elasticity in CP dynamics. To do so in a quantitative manner, an order of magnitude analysis is constructed on the model parameters given in Eqs. ͑17͒ and ͑18͒. First, the negligibility of longitudinal tissue elasticity of the basilar membrane is verified. The same analysis is then performed for the reticular lamina to determine the significance of its longitudinal elastic contribution.
V. ORDER OF MAGNITUDE ANALYSIS
A. Basilar membrane longitudinal elasticity
The basilar membrane is generally thought to be the source of transverse stiffness in the cochlear partition. The longitudinal elasticity of the basilar membrane is dominated by a ground acellular gel-like substance that surrounds the stiff radially oriented fibers ͑Santi, 1988͒. From images of the guinea pig cochlea, the thickness of the basilar membrane is taken to be on the order of 10 m ͑Echteler, 1994͒. In the longitudinal direction, Young's modulus is taken to be approximately 200 kPa ͑Steele et al., 2000͒. The wavelength of the cochlear traveling wave is taken to vary between 100 m at the base ͑Ren, 2001͒ to 1 mm near the apex ͑Vier-gever, 1980͒, though it may be smaller in the region of resonance if active mechanics are involved. The addition of G ⌬ and G r are not necessary here; they apply at the level of the reticular lamina with its plate-like composition and heightened displacement. The maximum displacement of the basilar membrane ranges between 10 and 100 nm ͑Johnstone et al., 1986͒ and can be even higher for large pressure stimuli in excess of 100 dB ͑SPL͒. For this analysis, assume that the maximum displacement is about 10 nm. With these estimates in hand, the gradient can be shown to be on the order of
whereas the Laplacian is at most
Therefore, the distortion introduced by including longitudinal elasticity in the basilar membrane will be in the range
͑21͒
This result can be compared to the inertial and viscoelastic dynamics using similar analysis. Using reasonable values for mass, resistance, and stiffness given for human cadaver cochleae ͑see Appendix C͒, the inertial, viscous, and stiffness terms yield ʈm͑ x ͒z͑ x,t ͒ʈϳm͑ x ͒z max 2 ͓10 Ϫ2 Pa,10 3 Pa͔, ͑22͒ ʈr͑ x ͒ż͑ x,t ͒ʈϳr͑ x ͒z max ͓10 Ϫ3 Pa,10 2 Pa͔, ͑23͒ ʈk͑ x ͒z͑ x,t ͒ʈϳk͑ x ͒z max ͓10 Ϫ3 Pa,10 3 Pa͔. ͑24͒
Living cochleae could have viscoelastic dynamics much smaller than suggested above. It is clear that the viscoelastic dynamics are five to seven orders of magnitude larger than the longitudinal stiffness dynamics of the basilar membrane. These results are summarized in Fig. 3 . Hence, the longitudinal elasticity introduced by consideration of the ground substance between the radial fibers of the basilar membrane is negligible compared to the transverse stiffness of the basilar membrane. This suggests that the primary source of stiffness in the basilar membrane is transverse, which agrees well with the literature, and lends credibility to the approach. Therefore, the additional longitudinal elastic mechanics would have a weakly perturbative effect on the linear dynamics.
B. The reticular lamina longitudinal elasticity
The same analysis can also be carried out for the reticular lamina. Though a thin layer, we suggest that the reticular lamina is longitudinally stiffer than the basilar membrane. The reticular lamina is formed by tight but thin junctions between the tops of the motile outer hair cells and supportive Dieter cell phalangeal processes. For this reason, we assume that Young's modulus for the reticular lamina is similar to that of Reissner's membrane, with a value of 60 MPa, approximately. The effective thickness of the reticular lamina, RL , should be reflective of the actual degree of contact between the junctions of the cuticular plates. Based on various sources ͑Santi, 1988; Lim, 1986͒, RL should be on the order of 1 m. In addition, we estimate G ⌬ to be approximately 10 and G r to be approximately 5.4. With these estimates, an order of magnitude estimate of the elastic distortion in the reticular lamina yields
From an order of magnitude analysis, the effect of the distortion is two or three orders of magnitude smaller than the viscoelastic dynamics. However, DPOAEs are recorded in the range of Ϫ10 to 10 dB͑SPL͒ for sound stimuli with levels of 50 to 70 dB͑SPL͒. This implies that there is a three to four order of magnitude difference between the stimulus and recorded DPOAE pressures. The cubic distortion produced by the reticular lamina is well within this range, whereas that of the basilar membrane is several orders of magnitude smaller than this. The Hookian approximation for Eq. ͑25͒ is also validated by this analysis. Consider
This relation serves as the basis for taking the Taylor approximation that led to the cubic nonlinear form of the distortion. The Hookian description of the tissue is determined by the strain experienced by the connective tissue. For wavelike motion, the strain is proportional to the gradient. Since the gradient is much smaller than one, the Hookian approximation for the tissue dynamics is justified.
From this order of magnitude analysis, the distortion at the level of the reticular lamina appears to be appreciable. Though weaker than the linear inertial and stiffness dynamics, it is still within an order of magnitude of the linear viscoelastic properties of the CP ͑see Fig. 3͒ . Note that these estimates were based on order of magnitude estimates of the physiological parameters Z max , Y RL , RL , G ⌬ , or G r -and could be larger. For instance, if the maximum displacement of the cochlear partition is taken to be 50 nm instead of 10 nm, the estimates for both the reticular lamina and basilar membrane distortion are amplified by two orders of magnitude and become comparable to the inertial dynamics. The distortions are pronounced for the low and mid-frequencies in the range 200 Hz-2 kHz. The dynamics are only three magnitudes smaller for frequencies in the 10-k 20 kHz range. Therefore, though the elastic modulus of the reticular lamina is two to three orders of magnitude smaller than that of the collagenous fibers of the basilar membrane, the longitudinal stiffness dynamics are not negligible.
VI. NUMERICAL SOLUTION AND COMPUTATIONAL METHOD
To study the effect of the nonlinear distortion ͑17͒ on cochlear dynamics, a computer model of the human auditory system was constructed. The model was based on the cochlear traveling wave presented by Dallos ͑1973͒ under the physical assumptions and anatomical considerations detailed by Viergever ͑1977, 1978 . These considerations are for the cadaver human cochlea such that no active mechanics are included. This model is encapsulated in the linear CP mechanics ͑3͒ and linear cochlear hydrodynamics ͑1͒. In our numerical model, the linear CP mechanics is replaced by the nonlinear expression ͑6͒ relating the linear model and the nonlinear distortion produced when longitudinal elasticity is considered. Diependaal's ͑1988͒ adaptation of the Matthews ͑1980͒ linear second-order middle ear model was used as the interface between incoming sound and the nonlinear cochlea so that sound pressures could be estimated at the ear drum. All parameters were chosen to reflect human cochlear and middle ear characteristics ͑as noted in Appendix D͒.
The computational framework used to simulate the cochlear nonlinear partial differential equations is that pre- sented by Diependaal et al. ͑1987͒ . The method was designed for one-dimensional models of the CP including active and nonlinear mechanical properties. The two coupled nonlinear partial differential equations can be decomposed into a large system of ordinary nonlinear differential equations using Galerkin's principle. The nonlinearity was approximated using standard discretizations of the gradient and Laplacian of the CP displacement wave form ͑Strauss, 1992͒. The resulting nonlinear system of differential equations was integrated in time using a variable-step fourth-order RungeKutta scheme with an error tolerance set to a displacement of 1 fm. As a trade-off between speed and accuracy, the model human cochlea was discretized into 350 elements. Stability was a concern since the nonlinearity involved is spatial, whereas Diependaal's technique appears to be suited for exploring temporal nonlinearities. Though perhaps not the ideal method for accurately computing stable numerical solutions of nonlinear partial differential equations, this technique did produce stable solutions for the weak nonlinearities described in this paper.
VII. RESULTS AND DISCUSSION
A. Weakly compressive behavior
Using the above-presented numerical solution technique, a cursory exploration into the nature of the nonlinearity given in Eq. ͑17͒ was undertaken. For the connective tissue of the reticular lamina we assumed a Young's modulus ranging between 60 MPa and 1 GPa. The uncertainty in the estimates of G are the primary source of variation and the tissue connectivity ⑀ could be larger. A 1 kHz tone was presented to the model at a variety of sound levels. The partition displacement was observed and its maximum value was recorded over 220 ms. For all values of ⑀, the nonlinearity demonstrated a weak compression of the displacement amplitude for sound levels ranging from 50 to 70 dB͑SPL͒, but had negligible effect for lower sound levels. This is shown in Fig.  4͑a͒ , where the maximum partition displacement is plotted against sound level. The elastic modulus of the tissue was taken to be 100 MPa to demonstrate the trend. At 70 dB͑SPL͒, there was a 10% reduction in partition amplitude, which if compared to the linear model would result in a 1 dB͑SPL͒ drop in hearing level. This is not a very large reduction and demonstrates that the nonlinearity has a small impact upon normal cochlear function. For pathologically large values of tissue connectivity, the drop is even larger, though difficult to quantify because of numerical instability.
Under normal circumstances the nonlinearity is weakly compressive, however under pathological cases of hardened tissue, hearing ability should be compromised. Higher tissue connectivities were not explored because of instability in the numerical solution, however the downward exponential trend is visible in Fig. 4͑b͒ , where we have extended the range of the tissue modulus to that of the basilar membrane. We are not suggesting that the reticular lamina has longitudinal stiffness comparable to the basilar membrane, only that compressive effects of longitudinal elasticity is only appreciable for abnormally large ͑possibly pathological͒ values of membrane stiffness. This agrees with intuition, since an extremely stiff longitudinal connection should produce no motion in the cochlear partition regardless of the outer hair cell active mechanism. Thus the model suggests that pathological hardening of the tissue between resonant elements in the cochlear partition should result in hearing loss even if the underlying outer hair cells and basilar membrane are functioning normally. Therefore, the addition of a pathological level of longitudinal stiffness should lead to hearing loss.
B. Distortion product otoacoustic emissions
Our hypothesis centered on the idea that the addition of longitudinal elastic mechanics could produce cubic distortion product otoacoustic emissions. To test this assertion, two 70 dB͑SPL͒ tones at 1000 and 1210 kHz were presented to the model. The elastic modulus was set at 100 MPa. The output of the model was sampled at 10 kHz for 1 s. The spectrum was estimated using the Welch periodogram. The noise in the model is the result of model error, that is the error in the Runge-Kutta procedure used to evolve the solution forward in time.
The results of this simulation, presented in Fig. 5 , support the hypothesis presented in this paper. For the frequencies of the two primaries, clear cubic distortion product otoacoustic emissions ͑DPOAEs͒ were observed at frequencies 790, 1420, 3210, and 3420 Hz representing the 2 f 1 Ϫ f 2 , 2 f 2 Ϫ f 1 , 2 f 2 ϩ f 1 , and 2 f 1 ϩ f 2 , respectively. The largest was the 2 f 1 Ϫ f 2 DPOAE, sitting five standard deviations above the noise floor at Ϫ2 dB͑SPL͒, whereas the others were below the four standard deviation level. Curiously, the 2 f 1 Ϫ f 2 DPOAE is known to be the largest harmonic produced in such distortion tests taken in humans and other mammals ͑Probst et al., 1991͒. This might be a coincidence, but appears to hold over a broad range of tissue connectivity values. The longitudinal tissue elasticity may provide an explanation for this previously inexplicable phenomenon in human DPOAE production. Furthermore, DPOAEs were obtained for f 1 primaries up to 2 kHz. Thereafter the numerical solution became unstable.
In addition to the cubic distortions observed a number of other harmonics were also visible three standard deviations above the noise floor. For example, significant spectral energy was observed for 103, 394, and 1570 Hz. The nature of these distortions has yet to be categorized, be they harmonic, intermodulation, or the result of some chaotic process. If the longitudinal elasticity in living cochlea is large enough to affect cochlear dynamics in the manner suggested in this paper, then the observation of these other harmonics can help distinguish the consequences of this nonlinearity compared to any other DPOAE producing nonlinearity conjectured to exist in the cochlea.
C. Speculations on active processes in the cochlea
We would like to point out a difference between a true mathematical cubic that behaves passively and the cubic term that we developed in this paper. When simple resonators are coupled to one another, the additional mechanical term introduced to the motion of one resonator is related to the motion of the other resonator. However, the motion is time-dependent, and so it could be argued that the coupling has introduced an active nonlinearity; that is, energy from a source other than the self-energy of a resonator influences its motion. It is not clear that the mechanical nonlinearity we propose should behave like a typical passive nonlinearity because the motion of any given resonator is coupled to the motion of its nearest neighbors. Energy is allowed to pass from one to another. For any given cochlear resonator, energy is brought in externally through the coupling. This clouds the notion of an active nonlinearity, since active models generally assume no longitudinal coupling, and use local time-varying nonlinearities to describe external injections of energy.
D. Restrictions on outer hair cell activity
The dynamic associated with the elastic coupling presented in Eq. ͑25͒ is related to the Laplacian of the traveling wave of CP displacement. Active cochlear mechanics are supposed to ''sharpen'' the cochlear tuning curve at a given location for a specific tone. The distortion could increase dramatically if the quality factor of the resonant members is sufficiently high to produce cusp-like behavior in the spatial wave form of the traveling wave. Sharp displacements lead to second derivatives whose numerical values are very large. This sharpness should mainly occur at the characteristic frequency where the high frequency regions of the CP would be most susceptible since the Laplacian of the traveling wave is largest there.
In such regions, the dynamics associated with the elastic longitudinal coupling would get very large in proportion to the Laplacian, effectively magnifying the effect of the longitudinal stiffness. If the purpose of the outer hair cells is to beneficially sharpen the response of the CP for a given tone, then this activity would increase the stress experienced by FIG. 4 . ͑a͒ The compressive nature of the tissue connectivity nonlinearity is demonstrated for a tissue with Young's modulus of 100 MPa. Though not evident due to the logarithmic scale, at 70 dB SPL, the partition loses approximately 10% of its maximum displacement as compared to the linear system. ͑b͒ The maximum displacement of the cochlear partition in the nonlinear model is plotted against increasing tissue elastic modulus. The horizontal line is the maximum displacement seen in the linear model. The larger the stiffness of the tissue, the greater the reduction in partition displacement. These results were obtained for a 1 kHz tone at 70 dB SPL. the partition structure. Sharp behavior would lead to excessive longitudinal stress in the CP and present a danger to the integrity of the CP, in that the basilar membrane or reticular lamina could tear. Such tears would be detrimental to the functioning of the outer hair cells because such damage allows the ionically rich fluids of the scalae to mix. The consideration of longitudinal stiffness may impose restrictions upon the postulated forms of active mechanics of the outer hair cells.
E. Propagation of pathology
The longitudinal elastic coupling should be significant in any region of the cochlear partition that vibrates ''sharply.'' Under normal circumstances, this occurs primarily at the characteristic frequency, not at the base or apex where the traveling wave tends to flatten out. Consider an abnormal situation where pathological regions along the CP exist. These regions are immobile as opposed to the surrounding healthy tissue. Such conditions would lead to large displacement differentials, increasing the longitudinal stress. The consequence of this is that the damage could propagate along the CP over time because the increased strain increases the likelihood of a tear occurring in the neighboring regions. Hence, this model suggests that once cochlear conductive pathology begins, it continues. The model also suggests that DPOAE may also arise from such pathology and may be identifiable in a clinical setting.
F. The protective function of the phalangeal processes
Within the framework of the model put forward in this paper, suggestions can be made as to the function of the phalangeal processes and their curious cross-linked structure. The cross-linking between the tops of the outer hair cells and the neighboring Deiter cells may be an evolutionary adaptation to protect the contiguous sensory epithelium from tearing. Such damage could be caused by excessive stress in the connecting tissue due to the high resonance induced by the active processes of the outer hair cells. The stiff phalangeal processes act to couple the motion of one section to that of another, but the coupling is restrictive. In other words, the motion of one region of the CP must be similar to its neighbors.
The benefit of this adaptation is that large variations in CP displacement cannot occur along any two neighboring points. From the point of view of our model, this would ensure that singularities in the second derivative would have difficulty occurring and alleviate some of the risk involved with sharp tuning. Furthermore, if there was some localized trauma, the cross-linked structure would ensure that large displacement differentials could not occur and further the trauma. Therefore, we suggest that in order to involve active mechanics in the sensory mechanical process the crosslinked structure of the phalangeal processes has been evolved to maintain epithelial contiguity under sharp resonant conditions.
G. Identification of cochlear conductive presbycusis
Our primary motivation for pursuing a model containing longitudinal stiffness stems from our need to understand how the pathological hardening of cochlear tissue affects cochlear function. Of immediate concern to us is conductive presbycusis-hearing loss associated with a thickening of the basilar membrane ͑Nadol, Jr., 1979; Bohne et al., 1990͒. Recent studies have implicated gene activity to hearing loss ͑Willems, 2000͒. For example the COCH gene has been implicated in a form of hearing loss in which mucopolysaccharides are deposited within the cochlea and vestibule. Some day a genetic abnormality may be found which leads to protein deposits or some other stiffening mechanism affecting the cellular structure of the organ of Corti. Under these circumstances, the clinical detection of conductive presbycusis and its discrimination from other forms of hearing pathology FIG. 5 . The two primaries were given at 70 dB͑SPL͒ with frequencies 1 and 1.21 kHz. The cubic distortion product 2 f 1 Ϫ f 2 ͑790 Hz͒ is visible five standard deviations above the noise floor. The level of the cubic distortion is approximately Ϫ2 dB ͑SPL͒, which is within range for a normal hearing individual. The other cubic distortions ͑1420, 3210 Hz͒ are three standard deviations above the noise floor, as are a number of other unrelated harmonics ͑103, 394, and 1570 Hz͒. The elastic modulus was set to 100 MPa.
would be valuable. We have demonstrated that longitudinal elastic dynamics within the CP involve a cubic nonlinearity and so we suggest that tissue stiffening may be identifiable through the use of DPOAEs.
There are studies that have measured the 2 f 1 Ϫ f 2 emission in mouse models of presbycusis ͑Parhem et al., 1999 for example͒. In these models, DPOAE levels decline with age. Histological examination suggests that there could be any number of sources for the hearing loss, though in the cases studied, sensory degeneration appears to be the primary culprit. From our model, we know that DPOAEs can be elicited in cochlea with longitudinally stiffened tissue. Our preliminary results suggest the following conjecture. If there exists an individual with a poor audiogram ͑or steady-state brain stem response͒ who is still producing DPOAEs, then perhaps that person suffers from cochlear conductive hearing loss. If we can identify these cases before the condition becomes mixed with other sensory, neural, or metabolic degradation ͑Schuknecht and Gacek, 1993͒, then perhaps medical intervention can remedy the pathology before hearing loss gets worse. The confirmation of such a conjecture would increase the clinical relevance of DPOAE-based hearing tests.
VIII. CONCLUSIONS AND FUTURE WORK
Considering the complexity of the structural composition of the tissue comprising the organ of Corti, it seems reasonable to postulate a passive longitudinal elastic coupling mechanism at the level of the cochlear partition. This paper has detailed a model of the cochlear partition in which a weak elastic longitudinal coupling has been included between the resonant viscoelastic plates of the cochlea. The connective tissue between plates was modeled by springs oriented in the longitudinal direction, perpendicular to the transverse motion of the cochlear partition. Under the assumptions of Hookian behavior, it has been shown that the nature of such a dynamic is not negligible, though weak, and exhibits a cubic nonlinearity.
Modern cochlear models include nonlinear dynamics, resonant modes, and structural coupling to enhance the traveling wave model. Such modifications have suggested explanations of various otoacoustic and perceptual phenomena. The addition of longitudinal elastic dynamics produce cubic distortion product otoacoustic emissions where the 2 f 1 Ϫ f 2 intermodulation component is largest. The weak nonlinear dynamics presented in this paper may produce other observable low level otoacoustic emissions, such as the transiently evoked and spontaneous variety. Other chaotic nonlinear phenomena may also be exhibited such as entrainment, beating, and frequency dispersion. Future work will explore such responses of this model.
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APPENDIX A: MODEL BOUNDARY CONDITIONS
The boundary conditions for this nonlinear model extend the set of boundary conditions for the traveling wave model. At the base of the cochlear model, the pressure gradient driving the fluid is attributed solely to the motion of the stapes since the cochlear fluids behave incompressibly. At the apex, there is no pressure difference between the two chambers since the fluids mingle through the helicotremal opening. The traveling wave boundary conditions are given as
where S OW is the area of the oval window, S 0 is the area of vestibular chamber at the base of the cochlea, L c is the length of the CP, and u st (t) is the velocity of the stapes. The addition of longitudinal elasticity necessitates the addition of two more boundary conditions. First consider the apex of the cochlea where the CP is untethered, and so the end is free. This final segment of the CP experiences no strain since there both ends are not being pulled and thus the segment has no change in length. Since the strain is proportional to the gradient of CP displacement we suggest that this gradient at the cochlear apex is equal to zero. Thus an additional helicotremal boundary condition must be observed, that is, ‫ץ‬z ‫ץ‬x ͑ L c ,t ͒ϭ0. ͑A3͒
The boundary condition at the cochlear base is motivated by insights gained through consideration of the model developed in this paper. We assume that the tissue forming the organ of Corti seemlessly incorporates itself into the bony shelf that protrudes into the cochlear duct. The CP does not behave as a pinioned elastic strip where only the continuity of the partition displacement is a concern. The gradient of the displacement must also be zero otherwise a discontinuity in the gradient would develope at the cochlear base. If such a discontinuity occurs then a singularity in the Laplacian develops. Based on the model presented in this paper, the longitudinal tensile forces generated at such a boundary would be so high that they would tear the cochlear partition from the base. Any dynamics involving longitudinal coupling would subsequently explode and damage the CP. To ensure that this does not happen, then minimally the gradient at the base has to be constrained to zero so that the Laplacian is not singular. Thus, an additional boundary condition at the cochlear base must be observed, namely, ‫ץ‬z ‫ץ‬x ͑ 0,t ͒ϭ0. ͑A4͒
APPENDIX B: MODEL OF THE MIDDLE EAR
We can couple a simplified model of the middle ear to the nonlinear cochlear model developed. This is a beneficial addition because we can stimulate the model with ear canal pressures and so simulate experiments. Otherwise, the stimulus to the cochlear model would be in terms of the stapes displacement which is more difficult to interpret and apply to experimental observations. Following Diependaal ͑1988͒, we can approximate the middle ear as 
